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Identification of Model Parameters and Associated
Uncertainties for Robust Control Design

Valeri 1. Karlov,* David W. Miller,} Wallace E. Vander Velde,{ and Edward F. Crawley$§
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The integration of system identification and robust control is considered. The identification algorithm is an
extended Kalman filter, and the robust control algorithm is based on Petersen-Hollot’s bounds (modified for
random correlated parameters). The identification and control problems are coupled because the inputs for the
identification experiment are selected to optimize the robust control performance. The optimization problem,
interpreted as a form of Riccati equation control, is solved by exploiting the analytical properties of the Riccati
equation in a nontraditional manner. The result appears an equivalent quadratic-linear boundary-value-prob-
lem, which allows a convergent numerical solution. An effective numerical algorithm is also offered for solving
the extended Kalman filter equations in high-dimensional modal test problems. The algorithm is based on block
decomposition of the modal state-space model. The developed approach is applied to the Middeck Active
Control Experiment (MACE) testbed. MACE is an MIT STS flight experiment scheduled for launch in 1994.

I. Introduction
A. Problem Description

YSTEM identification is an important part of any control

design procedure for flexible, precision spacecraft. The
real purpose of identification is to provide a control design
model that improves the robust performance of a closed-loop
system. This ideal can be formalized in the following scheme
(Fig. 1). The essential element of this scheme is an ability to
evaluate the residual uncertainties in the parameters and deter-
mine their cost in terms of robust control performance.

In present identification theory and practice (see Refs. 1-5)
considerable effort is directed toward the estimation of uncer-
tain parameters rather than evaluation of their accuracy char-
acteristics (bounds). This is true, to a varying degree, of iden-
tification techniques such as the Empirical Transfer Function
Estimation (ETFE), nonlinear Least-Squares and Maximum
Likelihood Methods (LSM, MLM), Prediction Error Methods
(PEM),! Figensystem Realization Algorithm (ERA),>* Q-
Markov cover,* and others. Generally, these techniques allow
the construction of models from measurement data without
the assistance of a framework, such as the Finite Element
Method (FEM), describing the model structure and its
parameters. As a rule, these methods involve nonlinear opera-
tions, which eventually impede analytical error analysis. At
the same time estimating identification accuracy is still possi-
ble,! especially for LSM and MLM techniques. However, in
most cases it can be done only by sacrificing some or all of the
dynamic nature of the problem. For example, nonlinear trans-
formations of parameters can produce linear input-output
models (ARMAX models), but in this case the original sensor
and actuator noises become combined in one common error.
This combination causes undesirable correlations and pro-
vides the most significant source of biased estimates.

An important question in identification is whether ‘‘stan-
dard”’ inputs, for example white noise, sufficiently excite the
important dynamics. The answer to this question is not obvi-
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ous because different modes have different costs, which, in
turn, depend on the input itself. In other words, each mode
requires its share of excitation. If it does not receive sufficient
excitation in the limited time of the identification experiment
(limited because of operational and computational consider-
ations), it will not be estimated well, and in the case of ‘‘black-
box’’ identification procedures, it may not appear in the model
at all. It would be advantageous if the identification proce-
dure, in conjunction with the analytical model (FEM), could
signal the fact that some modes have not been identified well.
Recognizing the need for identification accuracy assessment,
the objective of this paper is to derive identification techniques
that take advantage of the physics of structural dynamics and
can provide realistic bounds for all potential parameter uncer-
tainties—parameters that are initially predicted by the FEM.
Moreover, the developed approach includes input optimiza-
tion that distributes excitation energy in such a way that the
influence of residual uncertainties on robust control perfor-
mance will be reduced. From a practical point of view, the
input optimization allows one to achieve desirable identifica-
tion accuracy (in terms of robust control performance) with
much less structure excitation and with a shorter length of
time-domain data—which is extremely important for tests in
constrained operational environments such as space.

B. Approach to Structural Identification

The most natural way to meet the stated objective is to use
a state-space model and apply the Extended Kalman Filter

Finite
Element
Model
Method \ Robust
Structure and stability
nominal parameters Robust
> controt l
Uncertainty design
(bounds) Robust
performance
"Expert”
jtra
QM/ no need
any more!
Optimization |

Fig. 1 Integration of identification and robust control.
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(EKF) (see Ref. 6), which allows joint state and parameter
estimation.

First, a modal state-space model has a clear physical inter-
pretation, its structural matrices A, B, C, and D consist of
natural modal parameters (frequencies, damping ratios, mode
shapes), and an FEM provides a physical understanding of
how the parameters are arranged in these matrices.

Second, the EKF itself is an augmented dynamic model that
provides a complete description of the uncertainties in the
original state-space model. Because of this, we are able to treat
all noises properly (e.g., separate noises in sensors and actua-
tors, introduction of colored noise models, etc.), model un-
structured dynamics, use different nonlinear and adaptive
modifications if needed, and so on.

Unfortunately, the application of this identification ap-
proach is restricted by having to know the structure of the
model and a good initial guess for the parameters (< 20-30%).
Otherwise, we would face a very complicated problem of
nonlinear filtering. So, we can state that the intent of the
developed identification approach is measurement based, high-
precision updating of a moderate-precision finite element (FE)
model from noisy experimental data.

An observation can be made at this point: FEM and input-
output identification techniques are two edges of a big area in
which identification algorithms (EKF or other) construct mod-
els from measurement data using, to a greater or lesser degree,
physical insight to the structural dynamics.

C. Main Results of this Paper

In terms of identification and control integration, three
independent results are presented in this paper. First is the
solution to the problem of input optimization. This problem is
interpreted as a problem of controlling the Riccati equation
for the augmented covariance matrix that describes the evolu-
tion of identification accuracy. The class of Riccati equation
control problems dates to the 1960s and 1970s.78 In Ref. 9, a
new general approach to the solution of these problems is
proposed. It allows transformation of the initially nonlinear
control problems to an equivalent one that is linear with
respect to phase variables, at the expense of a nontraditional
usage of the Riccati equation’s analytical properties. As a
result of application of this approach to input optimization,
there appears a quadratic-linear boundary-value problem that
allows a convergent numerical solution. It is significant that
some well-known results'®!! on input optimization in linear
systems, based on the parameter sensitivity function criterion,
can be shown to be particular cases of this solution.

The second result of this paper is a dramatic improvement
in the numerical capability of the EKF for modal models. The
question of computational cost has always been a stumbling
block for applying EKF to high-dimensional systems. But it
seems to be obvious that one can take advantage of the special
modal form of the matrices 4, B, C, and D for controlled,
flexible structures and obtain a block decomposition of the
modal state-space model. As a result, the ““modal”” EKF can
be derived.

The third result consists of modifying Petersen-Hollot
bounds'? for the case when parameter uncertainties are ran-
dom and correlated. It should be noticed that some other
robust control techniques (sensitizing methods'3-15 and opti-
mal projection method'®) are compatible with post-ID models
of uncertainty in a more straightforward way and do not need
such a modification. Petersen-Hollot’s robust control formu-
lation is chosen because it has excellent physical interpreta-
tion!” in terms of uncertain potential energy, it provides robust
stability under real parameter variations, and, therefore, it
gives more reason to fight for robust performance by provid-
ing an optimal post-ID model of the remaining uncertainty.

The necessity of developing this integrated approach was
motivated by work on the Middeck Active Control Experi-
ment (MACE)!%1? developed at the Space Engineering Re-
search Center (SERC), MIT, and sponsored by the NASA
In-Step and Control/ Structure Interaction (CSI) Offices. The

objective of this shuttle manifested experiment is to investigate
the behavior of controlled, flexible structures whose dynamics
change between the 1-g and 0-g environments. In this paper,
some preliminary 1-g results are given.

I. Statement of Active Identification Problem
A. Mathematical Model
The problem addressed concerns a linear stochastic system

written in standard state-space notation

X=A(x)x + B(Bu + &, te(0, 7 n

y=Clo, B)x + DB)u +1 )

where x(¢) is the state vector (n X 1); u () is the input (control)
(m x 1); £(¢) is an external disturbance (# X 1) interpreted as
white noise with intensity matrix =, i.e., £(t) € W (0, E;); y(¢)
is the measurement vector (! X 1); and »(¢) is the measurement
error (white noise) (/ X 1), i.e., 9(¢z) € W (0, E,). The white
noises £(¢) and 5(¢) are allowed to be correlated at each ¢ with
cross intensity Z;,. Matrices A, B, C, and D have dimensions
nXxXn,nxm,l xn,and ! X m, respectively. The initial con-
ditions for Eq. (1) are assumed to be random: x(0) € N (X,
By). T is the duration of the identification experiment.

We will characterize uncertainties in the system (1), (2) by

two vectors of parameters

a=(o- - ‘OCN)T, B=(@ - BT 3
and assume that they can be described by the following shap-
ing filters:

&= A+ dy+ 0y, B=AgB+ds+ 0 )
where A, and Ag are given (or assumed) matrices N X N and
M x M (often diagonal); d(f) and dg(f) are deterministic
vectors N X 1 and M x 1; and 6,(f) and 64(7) are white noises
with intensities &, and Fg, i.e., 6,(t) € W (0, E,) and 05(t) € W
(0, Ep). The initial conditions in (4) are «(0) € N (&, B,
BO) € N (B, Py).

It should be emphasized that the introduced model of uncer-
tainty is quite general for flexible structures, the dynamics of
which are described in terms of physical modal parameters.
So, the vector «a is usually associated with natural frequencies
and damping ratios while the vector § is associated with struc-
tural mode shapes. In system (1), (2) some general physical
features have been taken into account. For example, if sensors
and actuators are colocated, the matrices B and C include the
same mode shapes. If sensors measure accelerations, the ma-
trix C depends on frequencies and damping ratios and the
matrices C and D consist of the same mode shapes. So, the
approach under consideration provides physical insight into
the identification process, which cannot be said about identifi-
cation techniques that estimate matrices A4, B, C, and D
independently.

B. Criterion and Constraints

The goal of identification is to estimate the vector parame-
ters « and 3 having input u(¢) and output y(¢) data plus
physical information provided by a FEM. The optimization
part of the problem consists of choosing the optimal input
u(t) over the time interval (0, T) to enhance the identification
accuracy at the terminal instant 7,

There can be different criteria for optimization of u(z).
Most of them can be represented in the general form

J, = ¢ WTP%W} —min ©)]
u
where F, is the a posteriori covariance matrix of the combined
vector [(N + M) x 1] of uncertain parameters of = (o i 7);
W = (W, i Wp) is a weighting matrix [(V + M) X (N + M)];
and ¢{ -} is a given function.
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If ¢{-} =tr{-}, the trace of the covariance matrix of the
vector w = Way (average variance of w) is minimized. How-
ever, this criterion is not very specific because it reflects only
a wish to increase the accuracy of estimating the given vector
w, which is some arbitrary weighting (W) of the parameters.
What is really of interest is increasing the accuracy of estima-
tion in so far as robust control performance depends on this
accuracy. Therefore, it is better to treat the criterion (5) as an
indication of robust control performance. In this case, there is
no vector w any more. Instead of this, we have to determine
the required nonlinear function ¢f{-} and the matrix W by
solving the problem of robust control (see Sec. V).

When optimizing the criterion (5), the following constraint
on structural excitation must be considered:

1 T 5
J, = ?E{S x7Kx + uTRu) dt] =7, ©)
o

where E[-] is the mathematical expectation operation and
K = 0and R = 0 are given matrices (n X n) and (;n X m). The
performance J, has the same form as the one in the LQG
control problem. In some cases, when u(¢) is a program (not
a closed-loop input), the constraint (6) can be simplified and
transformed into the deterministic one

{7 y
Jo = ;E g Kxo + uRu) dt < J, = Jy o
0

where xp(¢) is a nominal trajectory

T
Ji= lTE[ L(x — x0) K (x — xo) dt]

In accordance with the Lagrange methodology, the criterion
(5) and the constraint (7) can be combined in a generalized
criterion

Jp=Js + pde ®

where the scalar Lagrange multiplier u shows the price of
enhancing the robust control performance J, by increasing the
excitation J,. Introduction of the generalized criterion (8) is
convenient for solving the optimization problem. After the
problem is solved, u can be found from the condition
Jo(wy=J, — Ja.

C. Interpretation of Probiem as a Form of Riccati Equation Control
The dependence of criterion (5) on the input u(f) can be
expressed through the Riccati equation that describes the accu-
racy of the EKF estimation. To derive this equation, consider
first some general points.
It is a well-known fact (see Ref. 6) that, if we introduce an
augmented vector

X
Xg = o
B8

and consider the combined system (1-4), the original identifi-
cation problem will be transformed into a nonlinear filtering

[(n + N+ M) x 1] ©)

{5‘0 = AoXo + Bou, xo(0) = X

Py = Ag(-)Ps + PLAJ(-) — [PrCE(-) + By B [Co()Ps + ELY + By,

problem. This problem is very difficult to solve. In particular,
the evolution of accuracy appears to be coupled with the
estimation process itself. But, since we deal with a priori
uncertainties about 20-30% (or lower) and nonlinearities in
the filtering problem of simple form (see Sec. IV), we can take
advantage of different linear and quasilinear techniques for

solving the nonlinear filtering problem. These techniques will
be considered in Sec. IV from the point of view of calculating
estimates. As to the estimation of accuracy and optimization
of the inputs to enhance it, we will limit ourselves to linear
techniques in this section.

The linearization is performed with respect to the nominal
parameters provided, for example, by a FEM. As a result, we
have a linear filtering problem in the augmented system

{xo = AoXo+ Bou,  xo(0) = %o (10)
Aky = As(Xo, u)AXp + dp + £z, Axg(0) € N (0, Py)
with measurements

Ay = Cs(xy, u)Axg + 1 1

In (10) and (11), xx(¢) is a nominal motion and Axz(¢) is a
perturbation motion. The linearization is represented by the
following notations:

Ax=x—Xg Ay §HA(xO) ;HB(’J)
py Aa=a—a0 e OAao
.A.B—.B._;GO. ()()Aﬁ
0 £
ds = du ) b= ba |, Py, =
a 05

Ay =y — Coxp ~ Dogu

Cs(xo, u) = [Co § HE(X0) § HE(xo) + Hp(u)]

H,(xp) = (Aixo i - - - Anxo), Hp(u) =B i- - -iByu)
HE(xo) = (Cfxo i+ - - £ Cxg), HEo)=(CPxo i - - i Chxo)
Hp(u)=(Dwu i- - -iDyu)

Here matrices Ay = Agla), Bo = Bo(Bo), Co = Colt, Bp), and
Dy = Do(Bo) correspond to the nominal parameters o and 3.
So do matrices

A =Ai(ag) = 04 (@)/ e 14 = o (=1, N)
> = Ci (o, Bo) = 3C (e, .3)/3aila= i=1,N)
B=28¢
CF = Clan) = 3C(, B/0Bilucsy (=1, M)
D; = D;(Bo) = dD(B)/3B; 15 .. 3, (i=1,M)

Matrices B; = dB(B)/3B3; do not depend on the nominal
parameters because 8 enters B in a linear way (see Sec. IV).

Now we can write the Riccati equation for the filtering
problem (10), (11) and, as a result, arrive at the problem of
Riccati equation control

- 12
P(0) = Py, (1

where Px(¢) is the a posteriori covariance matrix [(n + N + M)
x (n + N + M)] of the augmented vector xz(¢).

To characterize identification accuracy, we can take only
one block of this matrix, block
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which corresponds to the vector of = (oz : B7). So, the crite-
rion for the control problem is written in the generalized form
(8) based on the accuracy criterion (5) and the structural
excitation constraint (7).

III. Solution of the Active Identification Problem
A. Linear Equivalent Problem

The optimization problem (12) and (10) is very difficult to
solve due to the nonlinearity of the Riccati equation and its
matrix structure. That is why the approach of Ref. 9 is imple-
mented here. As was mentioned in the Introduction, it allows
formulation of a linear equivalent problem by means of a
nontraditional usage of the so-called analytical properties of
the Riccati equation. Why nontraditional? If a linear Hamilto-
nian system [6] for the matrix variables Sg(?) and Qs(#) [with
dimension (n + N + M) X (n + N + M)] is introduced, the
covariance matrix Py(7T) can be expressed in the form?®

Py(T) = Ox(T)Sy () 13)

Although Sz(¢) and Qg(¢) satisfy linear differential equations,
nonlinearity in the problem would not be avoided—it would
appear in the criterion—and the dimension would be doubled.
At the same time, it is not necessary to care about the whole
matrix Pg. Just a scalar convolution (5) of the block P, A1)
needs to be considered. It turns out that there is a sufficient
number of Hamiltonian variables through which the criterion
can be expressed and retain its linearity. [We speak about
retaining the linearity of the “‘internal’’ criterion {-} in (5).]

The linear equivalent problem can be formulated as follows.
It includes an equation for the reference motion xy(¢) plus a
projection of the Hamiltonian system for the rectangular ma-
trices S(¢) and Q(¢) [with dimension (n + N + M) X (N + M)]

X0=A0X0+Bgu,
Q=Ax(-)Q + £, S (14)
§=-Al(H)S+CI(HE'C(H)Q

Xo(0) = %o

with linear constraints

Py S(0) - Q) =0 a5)

on the left end of the interval (0, T)
S(T)y= Wy = <9’3.X..<H.+._A?>_> (16)

; W

on the right end, as well as the linear-quadratic criterion

Jy = o{W{Q(T)} + pJ.—~min (17

I3

The nonlinear operation ¢{ - } is “‘external’” and represents, in
a general case, the robust control performance In (14), Ax(-)
1s matrlx As(-) with AO = Ao ,_,ET,H,, 1C, instead of Ay; and
— T
"“E £ when Hg ».45 —Hg »-49,;-4,7 »-45
The equivalence of criterion (17) to (8) is proved in Ref. 9.

B. Quadratic-Linear Boundary-Value Problem

The equivalent problem (14-17) can be solved on the basis
of the maximum principle. Since the system (14) is linear with
respect to S and Q as well as the constraints (15) and (16),
and the criterion (17) is linear-quadratic, the solution will be
much simpler than the solution to the original problem in
terms of Prg.

The application of the maximum principle is quite straight-
forward, and all intermediate arithmetic is omitted. For the
same reason, the final boundary-value problem (BVP) is given
only for the case of uncertainties in the matrix A (vector «)
and with Z;, = 0. In this way the essence of the numerical
algorithm can be shown and, at the same time, even more
complicated block expressions can be avoided.

So, the BVP has the following quadratic-linear form:
XO = A(’XO + (I/Z[,L)BQR - IBOT)\O

N
Ro= — AN + 2uKxo + 2 Y, A8, 0 [ople;

i=1

O = AoQ: + Ha(x0)Qu + Sy

, 18

Q(x = AO(Q(X + EQS(X ( )

Sy = —AJS: + CJE, 'CoQx

8, = —AlS, — Hy(x0)Sx

with constraints

t = 0: x(0) = Xo, PS:(0) — 0,(0)=0
) (19)
P,S.0) — Q.(0) =

t=T:N(T) =0, S:(T) =0, SAT) =W, (20)

In (18-20) Q,, Sy and Q,, S, are blocks (n X N) and (N X N),
which are partitions of Q and S

Q. (5
0= <Q> S<s>

The matrix [¢p] (N X N) is caused by the nonlinearity of the
criterion (5)

lep] = elP(T)]

APLAT) PN =wTQuD
The following N x 1 vectors e; = (1 0...0)7, . . .
are also involved.

After the BVP is solved, the optimal input u(¢) can be
obtained in the form

,en=(00...1)7

ut) = i R-'BIN 21

It is interesting to notice that the received result generalizes
a linear BVP of Ref. 10 in which input optimization was
carried out with respect to the parameter sensitivity function
criterion. So, to obtain the BVP of Ref. 10 from the BVP
under consideration here, one has to assume Q, = Iy (Iy is
unity matrix) N X N, [pp] =1y, E: =0, A, =0, and &, = 0.
In this case, we turn off the extra variables S, and Q,, which
form the criterion (5), which takes into account dynamic and
noise characteristics.

It is obvious that the complexity of the quadratic-linear
BVP in comparison with the linear BVP is a price for optimiz-
ing a direct accuracy criterion instead of an indirect sensitivity
function criterion.

C. Numerical Algorithm for Optimization

The algorithm consists of the following sequence of opera-
tions (superscript index is the number of the iteration):

1) Set any initial input u°(¢).

2) Solve the equation for xy(¢) in the system (14).

3) Solve the conditional BVP in system (14) for Q,(¢), Q.(¢),
S.(7), and S (t) with xo(?) = x2(t), u(t) = u%t). This problem
is linear and allows an effective solution—for example, by the
transition matrix method or by the Riccati equation method.

4) Solve the equations for A\g(£), Q,(?), Q.(), Sc(¢), and S (¢)
in the system (18) backward in time with boundary conditions
M(T) =0, OT)=QXT), Qu(T)=QXT), Si(T)=0, and
SAT) = W, as well as with xo(t) = xJ(1).

5) Construct the next approximation to the input

ul(t) = vt (t) + (1 — V)u()
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where () is the input defined from the optimal structure (21)
with M(2) = Ay(2), and » is a scalar (0<»<1) chosen in a way
to satisfy the condition Ji(»)<JQ. The latter condition can
always be achieved in a few subiterations if we set p=p/ = 15/-!
(j = 1,...). Of course, there can be different representations
v/, but there is no need to make it complicated.

Then operations 2-5 are reiterated with a change of itera-
tion number 0 by 1, 1—2, etc. The iteration process should be
stopped when 1J¥ — J&~ 'l <¢, where e>0 is a given small
value. The convergence of a numerical algorithm of this kind
is proved in Ref. 9.

IV. Realization of EKF
A. Principal EKF Equations

After the active identification experiment has been planned
and the optimal-—based on the FE model a priori—input is
found we can carry out the experiment, record measurement
data y(¢), and then process it. Thereby, the on-line identifica-
tion algorithm is an EKF. But, unlike the optimization prob-
lem, where we dealt with the characteristics of the joint state-
parameter estimation accuracy (covariance matrix Py), the
filtering process is more sensitive to linearization errors. In
other words, in the identification experiment design, it was not
especially necessary to find an absolute exact optimal input—
and we can use the simple linearized model for P;. But, in the
filtering problem, neglecting the linearization errors can cause
divergence of the identification process.

Taking this into account, we will use the EKF in its quasi-
linear version. The final on-line identification algorithm can
be written in the form

{x’g = Ap(e)xg + K (g, w)ly = Cuo*, B*)x5 — D(B*)u] + Be(B*)u + dx
Py = Ap(x*, o*, u)Pg + PeAJ(x*, o*, u) — K(x¥, u)2,KT(x3, u) + B,

where K(-) = [PyC{(-) + E;,]=, ! is the Kalman gain. Initial
conditions in (22) are x5(0) = xgo, Ps(0) = P,;o The matrices

A@)i0 i0 B(8*)
Ag@®)=| 0 1A, 10 |, By(gMy=| O
0 0 iAg 0

Ce(a™, Y = [C(a™, %) : 01 0]

reflect the fact that nonlinearities are taken into account di-

rectly when calculating the estimate x. At the same time, the

matrices Ax(-) and Cy(-) are products of linearization when

calculating the covariance matrix Ps. But this linearization is

made in the vicinity of current estimates unlike the lineariza-
tion in the model (10), (11).

+Y
Suspension Cable +X
+Z
Triax Accelerometer Torque Wheel Assembly
Gimbal
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Dummy Gimbal
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Fig. 2 Middeck Active Control Experiment—schematic.

B. EKF Modal Decomposition

The results obtained earlier are applicable to any system
that can be described in terms of Egs. (1) and (2). But, in
high-dimensional systems (say, » >50, N + M > 500), the pos-
sibility of applying the EKF is under question. Counting on
future more powerful computers is not so optimistic as one
could think. The reason is in the cubic dependence of compu-
tational expense on the system dimension.

But, if we limit ourselves to a certain class of systems—
namely, to flexible structures dynamics that allow modal rep-
resentation, we can significantly reduce the numerical com-
plexity of the EKF. The main idea here is to take advantage of
the obvious fact that the structural matrices 4, B, C, and D
are padded with zeros, and most nonzero elements are ar-
ranged as diagonals.

Let us introduce the further decomposition of the aug-
mented vector (9)

x e

e o oy = (Z>’ o = <w>’ 8= ¢r (23)
1% g- qf)ﬂ
8 5.

where z is an N,, X 1 vector of modal displacements; » = 7 is
an N, X 1 vector of modal velocities; w is an N,, X 1 vector of
natural frequencies; { is an N,, X 1 vector of damping ratios;
and ¢4, ¢,, ¢, and ¢, are, correspondingly, N,, - Ny x 1,
N, "N, x1, N, -N, X1, and N, - N. x 1 vectors of mode
shapes at the locations where displacement (d), rate (r), and
acceleration (¢) sensors as well as actuators (c) are installed.

(22)

Moreover, N, is the number of modes; Ny, N,, N,, and N, are
the numbers of sensors (d, r, @) and actuators (c).
Here is the well-known modal representation of the system

1, @

<Z> < ...... R A S > <z>+<°> +<°>(24)
B dlag(wz) —diag(2{;w;), v &, g Sv

N v U M
x Alw) x B(B) £
0
<I>, ......... ‘ z)
ya '-' &;"ai;g'i;;i') P @, dingw) | o
@ B) ’ ¥
Nd
. e - n, 25
2,9 "
D(B) ﬁ,_)

where 4, ®,, ®,, and &_ are matrices (N; X N,,,, N, X N,
N, X N, and N, X N,) reshaped from vectors ¢4, ¢,, ¢,
and ¢,, correspondingly.

The corresponding blocks of the matrices A; (i = 1, N), B;
(=1, M)C#(=1,N),and Cfand D; (i =1, M) (see Sec. 1I)
can be analytically formed by taking derivatives of the struc-
tural matrices 4 (o), B(8), C(c, B8), and D(B) in (24) and (25)
with respect to o = (w” i {7) and BT =(BY i BT i BT i B).

From the computational point of view, it is convenient to
represent Eqs. (24) and (25) in descrete time. This representa-
tion can be done easily thanks to the analytical expression of
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the transition matrix for modal systems in terms of sin(-),
cos(+), and exp(-).

Finally, the equations of the modal EKF should be written
in block form according to the decomposition (23) of the
augmented vector xg. This operation is laborious but routine.
For example, we have to deal, at least, with 8 blocks of the
vector xz and with 36 blocks of the symmetrical covariance
matrix Pg. But, in this way, we are able to exclude all zero-
blocks from the calculations and reduce block multiplications
(if one of the blocks is diagonal) to array operations. More-
over, some additional transformations can be made to im-
prove numerical capability. For example, one can successively
process scalar measurements y,, (¢ = 1, Ny), ¥, (i = 1, N;), and
Yo, (i = 1, N,) (when the matrix £, is diagonal), use the analyt-
ical properties of the Riccati equation (see Sec. III), and so on.

The goal and space limitations of this paper do not allow us
to cover all of these issues. But they are realized in developing
the corresponding software. Here we limit ourselves to stating
that the modal EKF has approximately linear (not cubic, as in
a standard EKF) dependence of computational expense on the
number of modes. This dependence was confirmed by solving
real high-dimensional problems (see Sec. VI).

V. Design of Robust Control
A. Taking into Account Identification

The last element of the integrated approach under consider-
ation is the robust control problem. As was mentioned in the
Introduction, we will focus only on the Petersen-Hollot
method.!> Moreover, we will limit ourselves only to full-state
feedback control with uncertainties only in the matrix A to
show the integration of identification and robust control prob-
lems. At the same time, if more general dynamic and output

feedback techniques are available, they can be relatively easily
incorporated into this integrated approach.

The main area of our interest is the fact that active identifi-
cation provides, by the beginning of control, a post-ID model
of uncertainty in the form

Ao=a—o* € NO, P,) (26)
while Petersen-Hollot’s bounds require the following form:

lAe; | = la; — a1 <A, =1 N) (1))
Of course, the statistical information (26) can be converted

into the bounds (27). For example, one could choose 4; = 30,

where o, is the standard deviation of ;. But, in this case

Pllo; —afl<A;} =p =0.99757 (28)

and, if N is large enough, p can be inadmissibly small (say,
p <0.9). The more delicate way would be to set p(p—1) and
solve (28) for A;( = 1, N). But this constraint does not define
a unique solution, and there remains the problem of how to
use the remaining N — 1 degrees of freedom.

Moreover, all of the mentioned transformations (26)—(27)
have an overbounding character because they completely lose
information about the correlations between parameter errors.
The latter information is very important because errors in
parameters can cancel each other or, on the contrary, amplify.
The correlations can be taken into account by setting
quadratic bounds

(a = )P Yo — ) = AX(p), p—1 (29)

instead of interval ones (27). But, again, if N — o, this method
will introduce additional conservatism to the robust control
algorithm.

So, the best way to deal with the delicate post-ID informa-
tion (26) is to take it into account directly. This method
requires a modification to the Petersen-Hollot method.

B. Standard Petersen-Hollot Method

We review briefly the approach of Ref. 12. The statement of
the robust control problem includes the system

N
x=(Ag+ Y Ac;A))x + Bou,

i=1

the model of uncertainty

x(0) =X, (30)

|Acx,~| < A, A= l,-m,-T, i —nxl1
31
m;—nxl1 (i=1,N)
and the control performance
1 T
J = lim —j x"Kx + uTRu) dt 32)
7= T J0

Then the Lyapunov function V(x) = xTAx, A(n X r) is intro-
duced and, in the function V(x) = Vo(x) + V,(x), the term
V,(x), depending of Ac, is bounded so that ¥V(x) <0V Ac.
This guarantees robust stability. The bounding operation is
based on the following sequence of inequalities:

N N
V. x)= xTA< EAa;A,)x + x7< EAa,-A,-T>Ax

i=1 i=1

N
<2 A N (xTAL) (m]x)!

i=1

N
2x T< Y AaiAl[m,-T>x

i=1

N N
< Y APOTALY + Y AP (mx)?
i=1

i=1

=xTAL ALL TAx +XTMAMMTX (33)
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where  A;=AJAT, A, =diag(A), Ay = diag(a™),
L=(...Iy)—nXxN,and M = (m,...my) —n XN.
Finally, the robust controller is

= —R™'BfAx (34)
where A is the solution to the robust Riccati equation
Ado+AIA+ (K +MAMTY— A(BoR ~'Bf — LA, LT)A=0 (35)

C. Modified Petersen-Hollot Bounds

The problem statement now includes the same system (30)
and the performance (32). But the model of uncertainty is (26)
with random correlated parameters.

Now, in the function ¥(x), the term V_(x) can be bounded
so that

P{V(x)<0} =p, p—1 (36)

In other words, we have to find a bounding term ¥?(x) from
the condition

PV (x)<VP(x)}=p 37

The function V,(x) is linear with respect to the parameters
A;(i =1, N)

N
Vox) = 23 Aae;(x) = 2Aae(x) (38)
i=1
where
xTALimTx
c(x)=
xTAlympx

This means that having the statistical characteristics
my = E[V ()] =0, o} = E{[V(x) - my’} = 4cT(x)P,c(x)

we can solve the probabilistic problem (36) or (37) and find
VP(x) = roy = 2r\eT(x)Pe(x) 39)

It is important that r does not depend on N [unlike A in (29)].
For example, if p = 0.9975, r = 3 vN. This circumstance re-
duces the conservatism of the robust control because it prevents
unrealistic (hardly probable) combinations of parameters.
Unfortunately, V?(x) does not have quadratic dependence
on x. That is why an overbounding operation must be in-
volved. But, unlike the overbounding operation (33), which
deals with functions |- |, the function (39) has better analyti-

cal properties. Using them one can show that there is an upper -

estimate
Vo(x) < VP(x) = p(x TALP, L TAx + xTMP,yMTx)  (40)

where P, *P,, =r2P, (* is an array operation: PL”. Py, = rzPa,.j).
All of the routine transformations are omitted here. We will
mention only that, if p = 1, the proof of the inequality (40) is
quite straightforward. At the same time, assuming that there
exists an optimal p in the range 0<p<1, one can find it as a
result of the optimization problem:
F(x, p)>0,

J = p—min, O<px1 “41)

where
F(x,0)= p*IxTA(p)LPLLTA(p)x + X TMPyM7x]* — c T(x)Poc (x)

The function F(x, p) has good analytical properties so we
can expect an acceptable numerical solution for (41).

Finally, the robust control has the same form (34) with the
modified robust Riccati equation

AAy+ AJA + (K + pMPyMT)

~ A(BoR ~'Bf — pLP LA =0 42)

D. Robust Control Performance

After the controller (34), (42) is constructed, we can use it
for controlling the stochastic system (1). The corresponding
performance can be estimated by the following expression®:

J =tr{SE} 43)

Taking into account the connection of robust control design
with the results of identification, we will have J = J(a*, P,).
The estimate «* that appears in matrices 4y = Ay(a™) and
A; = A;(a®) (i =1, N) is available only a posteriori. But the
input for identification should be optimized a priori. In this
situation, the way out is in optimizing the mean of J

In(Pe) = EIJ(*, Py)] = Sl(a*, Pp(a) da* = ¢ (P} (44)

where p(a*) € N(&, B,) is the a priori model of uncertainty.

The problem (42-44) can be solved numerically (for exam-
ple, by the Monte-Carlo method). Alternatively, one can take
advantage of the fact that the post-1D uncertainty is quite small.
In this case, the nonlinear function (44) can be linearized

Jn(Py) = Jn(0) + tr{ WIP,W,} 45)
where

Wi = a_'{”’_(I_)L) (46)
aP o P,=0

The derivative (46) can be calculated before the optimiza-
tion process (for example, by the method of finite increments).
The second term in (45) is to be optimized by choosing the
input #(¢). So, we have the linear variant of the criterion (5)
with ¢{ -} =tr{-}. But, in this case, the weighting matrix W,
reflects the cost of uncertain parameters « in terms of robust
control performance.

It should be emphasized that, from the physical point of
view, the optimal input #(¢) is a probing feedback signal (21)
in the conjugate system for Ay(?) [see Eq. (18)] representing the
inverted dynamics of the structure. The input #(¢) provides
the best distribution of energy over all important directions
that can contribute to robust control performance.

V1. Application to MACE

This EKF procedure was applied to test data from the
MACE. MACE is a NASA In-Step and CSI Office funded
Space Shuttle flight experiment tentatively scheduled for
launch in the summer of 1994. The objective of MACE is to
study the dependence on gravity of structural dynamics of a
flexible spacecraft. Of particular interest is the extent to which
the controlled performance of a precision controlled, multiple
payload spacecraft can be predicted prior to launch and then
refined once on orbit. To refine a finite element model of the
spacecraft, as it behaves suspended in 1 g, the EKF procedure
detailed in the prior sections was applied to experimental
input/output data.

A drawing of the MACE test article'®!? is shown in Fig. 2.
It consists of a segmented straight tubular bus with a two-axis
pointing/scanning payload attached to the right end and a
dummy mass attached to the left end. The dummy mass will
be replaced by a second two-axis gimbal in the near future.
The test article is instrumented with two angle encoders on
the gimbal axes, two three-axis rate gyro platforms, and other
assorted sensors (accelerometers, strain gauges). One rate gyro
platform is mounted in the payload and the other is mounted
under the torque wheel assembly. The two-axis gimbal allows
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rotation about the x and z axes via two DC torque motors. The
torque wheel assembly is comprised of three orthogonally
mounted DC servo motors with an inertia wheel mounted to
each.

The characteristics of the FE model are as follows: 58 nodal
points (348 = 58 - 6 DOF), 40 modes in the range 1-1000 Hz
(including 11 constrained rigid modes), and gravity and sus-
pension effects are taken into account.? In addition to the
FEM model, internal dynamics of the rate gyros (second-order
filters) are included in the MACE model. Since MACE can be
specified as a ‘‘very flexible and multivariable’’ experiment
with parametric uncertainty and somewhat noisy sensors, this
application is appropriate for the EKF approach.

The EKF approach was applied to two types of data. First,
simulated data was generated by adding broadband measure-
ment noise to time response data calculated using the finite
element model. Nominal and error bound values for various
model parameters were estimated using the EXF procedure.
Second, actual data, measured using noisy sensors, was used
to estimate various finite element model parameters. This
process presented additional challenges because the statistics
of the noises were not well known, the finite element model
now exhibited both structured and unstructured uncertainties,
and the test article exhibited significant nonlinear behavior in
some axes.

Simulated ID data was calculated for all of the MACE
channels [5 inputs: gimballed payload (axes x and z) and
torque wheel (axes x, ¥, and z); 22 outputs: rate gyro on
payload (axes x, y, and z), rate gyro on torque wheel assembly
(axes x, y, and z), 8 strain gauges (vertical and horizontal),
gimbal encoder (axes xand z), and 2 accelerometers (axes x, y,
and z)]. Impulse and white noise inputs were used. The results
show that the estimates converged to the true parameters,
thereby up to 200-300 parameters were estimated. The desired
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accuracy can be achieved with quite a short length N, of
time-domain data (N, = 1000-2000), the computational cost
is about 20-40 min (MATLAB, SUN Workstation) and the
estimate of that cost for the standard EKF exceeds 24 hours.

Identification with real data was carried out for two data
sets: 1) Gimballed payload (about z-axis)/2 accelerometers
(along y-axis) and 2) Gimballed payload/Rate Gyro on pay-
load (both about z-axis). Figure 3 presents the comparison of
the 1-g FE model and the estimated model with respect to the
measurement data (data set 1, impulse input). Figure 4 pre-
sents similar results for data set 2 with white noise input. In
the latter case, only the contribution of the flexible modes is
considered (i.e., the contribution of the first 11 nominal rigid,
suspension, and payload articulation modes is subtracted).
The improvement of the 1-g FE model, mainly in terms of the
payload mode, is obvious; at the same time, the FEM provides
quite an updatable guess.

It should be noticed that the residual discrepancy between
the estimated and data responses is a result of experimental
noises. But the confidence interval for all potential time re-
sponses, based on the parametric error bounds, contains the
measured time response. That was confirmed by doing 20
independent experiments under the same conditions. More-
over, the accuracy characteristics analytically predicted by the
EKF and based on the sensor-actuator noise specifications are
well within the confidence intervals obtained by the Monte-
Carlo method conducted by processing 20 EKF realizations.

It is important to understand that realistic accuracy charac-
teristics (bounds) were obtained only after encountering and
explaining a nonlinear effect in MACE. This effect consists of
transferring energy from the higher modes to the lower ones
through nonlinear damping (amplitude and velocity depen-
dent Coulomb friction in the gimbal pivot). To deal with
nonlinearities, a time-varying nature for the parameters was
assumed and pertinent shaping filters (4) were selected. This
approach allowed the estimation to stay in the framework of
model interpretation ‘‘nominal parameters + bounds.’’ At the
same time there are preliminary results on identification of the
nonlinear effect in terms of force-state mapping techniques.?!

Figure 5 presents a typical time history of the bounds (in
terms of 3¢) for one parameter (frequency of the third bending
mode). Figure 6 provides a global look at how the a priori
bounds (50% of uncertainty, for all natural frequencies) are
improved. The bounds are introduced for two situations: real-
istic (when actual data was processed) and theoretical (when
data was simulated in the linear MACE model). So, the scale
of the nonlinear effect can be clearly seen. In Fig. 6, ‘“‘not
estimated’’ frequencies correspond to the modes that did not
contribute to the response (for example, horizontal modes to
vertical motion). The corresponding damping ratios were also
updated with quite a high accuracy (up to 3-5%). The mode
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shapes in sensor and actuator locations were estimated reason-
ably only for mode No. 10 (defines eigen oscillation of the
payload). However, the products ¢,, - ¢.,, which represent in-
put-output relations, were updated well for all contributing
modes.

The series of experiments exhibited the dependence of iden-
tification accuracy on inputs. This makes the problem of input
optimization actual. In this paper, we will limit ourselves to
considering only the simplest model for the input optimization
and robust control problems. This is a 1-DOF oscillator that
corresponds to mode No. 10 (= 90% of contribution to the
output) with nominal parameters wy = 1.296 Hz, {; = 0.1546,
by=¢.  =5.535, and ¢y = ¢, = 5.596. [The mode shapes
correspond to data set 2.] The identification problem was
solved on an interval with 1000 time points at a sample period
of 0.0075 s. The robust control problem was solved on the
next (infinite) interval. Thereby, the excitation for identifica-
tion and robust control performance evaluation were intro-
duced in a form similar to (7) and (32), with the same matrices
K and R. '

Figure 7 presents an investigation of how the level of excita-
tion influences the robust control performance. All magni-
tudes here are presented in relevant units, where 1 is the
control performance (32) for the nominal system - (zero

bounds). As one would expect, the white noise input is not so -

informative for identification. A much better result is pro-
vided by the sinusoidal input at the nominal natural frequency
wo. Further improvement can be achieved by choosing the
optimal input, which is a sinusoid with decaying (almost lin-
early) amplitude. Note that in the case of N-DOF and MIMO
systems the results on input optimization will not be so obvi-
ous. There the optimal combination of directions and ampli-
tudes can be found only as a result of numerical solution to the
active identification problem.

VII. Conclusions

This paper has presented an approach to dynamic system
identification taking into account the final goal—namely, to
enhance robust control performance. The EKF was chosen,
not as one more identification algorithm, but as the only
stochastic counterpart to the original state-space model that
provides the complete (in terms of two first moments) envel-
ope of structural dynamics. The problems were how to solve
the EKF equations in high-dimensional systems and to find
optimal probing signals that reduce the effect of residual
uncertainties on robust control performance.
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